In a recent experiment [A. Donarini et al., Nat. Comms 10, 381 (2019)], electronic transport through a carbon nanotube quantum dot was observed to be suppressed by the formation of a quantum-coherent "dark state". In this paper we consider theoretically the counting statistics and waiting-time distribution of this dark-state-limited transport. We show that the statistics are characterised by giant super-Poissonian Fano factors and long-tailed waiting-time distributions, both of which are signatures of the bistability and extreme electron bunching caused by the dark state.
I. INTRODUCTION
In quantum optics, coherent population trapping is a phenomenon in which coherent illumination drives an electron into a particular superposition of orbital states -a dark state -that is decoupled from the light fields 1-3 . In Ref. 4 , it was suggested that an all-electronic analogue of this effect should exist in the transport through nano-electronic systems such as a triple quantum dot. In this scenario, it is coherent tunneling between electronic states that permits the formation of a trapped state, and the "darkness" of this state is manifested as the suppression of electronic current through the system. Recently, Donarini et al. 5 reported the observation of current suppression in the transport through a carbon nanotube quantum dot (CNT-QD) and explained this effect as arising through the presence of a dark state formed by the superposition of longitudinal-orbital-momentum states in the nanotube.
In this paper we report on calculations of the counting statistics [6] [7] [8] [9] [10] [11] and waiting time distribution 12 of the nanotube model introduced in Ref. 5 . The counting statistics is a well-established tool for obtaining information about transport processes beyond that which is available from measurements of the mean current alone [13] [14] [15] . Here we use the counting statistics formalism to investigate the current noise and skewness in particular. The waiting time distribution is the distribution of times between consecutive electron-tunneling events and gives insight that is complementary to that obtained with the counting statistics 16 .
The counting statistics of other transport dark-state models such as the triple quantum dot have previously been reported [17] [18] [19] [20] [21] [22] [23] with the dark state generally leading to super-Poissonian statistics associated with electron bunching. For the CNT-QD model here, we also obtain super-Poissonian statistics. However, the degree of this effect depends very strongly on parameter ∆φ which describes the phase difference between tunneling states of the source and drain leads. Indeed, for small ∆φ, we report a diverging noise and a skewness that both diverges and changes sign. In this regard, we conclude that the behaviour of the model is similar to that of the the Aharonov-Bohm interferometer models discussed in
Sketch of the CNT-QD transport model. Electrons enter the system from the left (source) lead with total rate 4ΓL into either coupled state (CS) or dark state (DS). Electrons exit the system into the right (drain) lead at rate ΓR from the CS only. Without anything further, an electron entering the dark state thus becomes trapped, blocking current flow. However, Lamb-shift precession (frequency ωL) and relaxation (rate Γ Rel ) transfer electrons between DS and CS, unblocking the system and leading to current flow.
Refs. 24 and 25. We also study in detail the effect on the counting statistics of two mechanisms that break the coherent population trapping, namely relaxation and a Lamb-shift precession. Finally, concerning the waiting time distribution, we show that the presence of the dark state gives rise to distributions with extremely long tails. Moreover, under certain conditions, we find that the waiting time distribution shows oscillations when the Lamb-shift is the dominant dark-state unblocking mechanism. This gives, in principle at least, a means though which the dark-statebreaking mechanism could be identified.
II. MODEL
Our starting point is the model derived by Donarini et al. to describe transport within the N = 0, 1 sector of the CNT-QD spectrum 5 . This consists of the manybody ground state |0 and two degenerate states |±l each with a single excess electron of longitudinal orbital momentum ±l. The spin of the electron only serves to pro-vide degeneracy factors and is otherwise neglected here. The Coulomb blockade 26 prevents the system from being occupied by more than one excess electron in the bias window considered.
In a high-bias regime, electrons tunnel into the CNT-QD from the left and out to right, see Fig. 1 . The respective tunneling rates are 4Γ L and Γ R , with the factor 4 coming from degeneracy. Due to off-diagonal elements in the tunnel coupling, electrons do not tunnel directly into or out of states |±l , but rather into and out of superpositions of them. Crucially, the relevant basis for tunneling out of the dot consists of the states
where phase φ R is a parameter characterising the coupling to the right (drain) lead. Here, CS denotes the "coupled state" and electrons in this state can leave the CNT-QD to the drain. Conversely, DS stands for "dark state", and this state is decoupled from the drain lead such that electrons entering it can not tunnel out. There exists a similar basis for tunneling into the CNT-QD from the left lead. This is of the same form but with parameter φ L instead of φ R . Aside from tunneling, two further mechanisms are taken into account, both of which serve to unblock the dark state. The first is the precession of the internal states, arising from Lamb-shifts due to the coupling of the leads. In Ref. 5 , the frequencies ω L and ω R of these shifts were found to be functions of applied bias. Here, however, we take them as freely-adjustable parameters and set ω R = ω L for convenience. The second unblocking mechanism is relaxation caused by inelastic processes such as phonon emission/absorption. This drives the internal state of the CNT-QD into the completely mixed state with a rate Γ Rel .
In the weak-coupling regime, the transport properties of this system can be determined from a quantum master equation of the formρ
where ρ is the reduced density matrix of the CNT-QD in the bare basis, and W is the Liouville super-operator describing all relevant dynamical processes. Appendix A shows the Liouvillian for the problem at hand in matrix form. In Appendix B we outline the counting-statistics formalism for calculating the cumulants of the current I k c (for k = 1, 2, 3 here) as well as the waiting time distribution w(τ ) from master equation (2).
III. CURRENT
The impact of the DS on transport through the CNT-QD is immediately seen in the mean current, I . The results we obtain are consistent with those of Ref. 5 , but here we separate out the influence of the two unblocking mechanisms. Figure 2 shows the mean current as a function of the phase difference between tunneling states of the left and right lead, ∆φ ≡ φ L − φ R . For any non-zero phase difference, electrons have a finite probability of tunneling into the DS. In the absence of unblocking mechanisms, this state is decoupled from the right lead, and an electron entering it becomes permanently trapped. This in turn results in complete current suppression, since no further electrons may tunnel into the system due to the Coulomb blockade.
This entrapment is lifted, however, by the relaxation and precession mechanisms. A finite relaxation rate allows for electrons to move from the DS to the CS and then escape into the right lead. Similarly, the Lambshift precession causes electrons to oscillate between the CS and DS at a frequency of ω L and this allows electrons to escape. As seen in Fig. 2 , increasing the strength of either of these processes results in less suppression. The efficacy of precession mechanism in unblocking the system is dependent on the phase difference.
Two special points are evident from these graphs. The first is ∆φ = 0, where, in the absence of relaxation, the DS is completely decoupled from both left and right leads. In this case, the part of system involved in transport is essentially a single-level system. The counting statistics of this model are then fully known, as recounted in Appendix C. The second special point occurs at ∆φ = π/2, where electrons from the left lead tunnel directly into the DS. With unblocking mechanisms present, the maximum current always occurs at ∆φ = 0, and the minimum always occurs at ∆φ = π/2. Furthermore, at these points, the current is unchanged by the precession frequency.
IV. SHOTNOISE AND SKEWNESS
The second and third current cumulants are the shotnoise and skewness, respectively. It is often more useful to discuss the cumulants in terms of their Fano factors, defined as the ratio of the k th cumulant to the first:
The second Fano factor is often just referred to as the Fano factor. Figure 3 shows the (shotnoise) Fano factor F 2 as a function of the phase difference for a range of relaxation rates and precession frequencies. Fig. 3a shows that F 2 increases as relaxation decreases for all values of phase difference. The most striking thing about this plot is that, provided Γ Rel Γ R and the phase different is not near ±π/2, the Fano factor assumes a value way in excess of the Poisson value F 2 = 1. And, indeed, as both ∆φ − → The shotnoise Fano factor of the CNT-QD as a function of the precession frequency with varying relaxation rate Γ Rel . Parameters were ΓL = 0.4ΓR and ∆φ = π/4. At low relaxation, the Fano factor shows a transition from low to high values as the precession frequency is decreased. For both low precession frequency and relaxation rate, the Fano factor tends to a value of F2 = 3 here. With a high relaxation rate, the system is sub-Poissonian for all precession frequencies. 0 and Γ Rel − → 0, the Fano factor is observed to diverge. Figure 3b shows the effect on F 2 of changing the precession frequency. Once again, for finite ω L , giant superPoissonian values of F 2 are observed with divergence occurring for ∆φ − → 0. For values of ∆φ away from the origin, the change in F 2 is less drastic than in the case with changing Γ Rel . In Fig. 4 we plot F 2 as a function of precession frequency for several relaxation rates with a fixed phase difference of ∆φ = π/4, far away from the diverging limit. This figure shows that, provided Γ Rel is small enough, as the precession frequency is decreased, the Fano factor undergoes a transition from a value close to 1 to a value significantly in excess of it (here F 2 → 3 as ω L → 0 for Γ Rel = 0). This transition to the higher F 2 value is an indicative that the blocking of the DS is starting to play a significant role. For large Γ Rel the statistics are sub-Poissonian irrespective of ω L . This is as expected because under such circumstances the internal quantum structure of the system becomes irrelevant and the system essentially becomes a single (degenerate) level system.
The third (skewness) Fano factor is plotted in Fig. 5 as a function of ∆φ. Once again we observe giant superPoissonian values, even larger than those seen with F 2 for the same parameters. As ∆φ − → 0, F 3 becomes negative and for Γ Rel → 0 or ω L → 0 diverges as F 3 → −∞.
V. EFFECTIVE MODELS
We now discuss two effective models that allow us to explain many of the features of the foregoing results, as well as to connect with previous studies in the literature. Fig. 3 but here we plot the skewness Fano factor F3. As is the case for F2, the third Fano factor is massively super-Poissonian. In addition, for ∆φ − → 0, F3 becomes negative (which translates as the curves leaving the bottom of these logarithmic plots).
We concentrate on the ω L = 0 case with relaxation the dominant unblocking mechanism.
Instead of using the quantum master equation, Eq. (2), we can alternatively describe the system with a rate equation involving the populations of the three states |0 , |CS and |DS . In this picture, electrons tunnel into the CS with a rate 4Γ L cos 2 (∆φ) and into the DS with a rate 4Γ L sin 2 (∆φ). Without relaxation, tunneling to the right lead only occurs from the CS with rate Γ R . However, when Γ Rel is finite, electrons can leave the system by first relaxing into the coupled state and then tunneling out. When Γ Rel ≪ Γ R the speed of this process is limited by the relaxation step and we can write this unblocking step as an effective out-tunneling from the DS to the state |0 at a rate Γ eff ≈ Γ Rel . Thus, we describe the system with χ-resolved rate equationṖ = W(χ)P where
and where, in the χ → 0 limit, P is the vector of populations of the |0 , |CS and |DS states. With this simplified model, exact expressions for the current cumulants are possible. Reporting results in the large Γ R limit, we obtain
and
. (4) The corresponding expression for the skewness is rather cumbersome and not especially illuminating. Good agreement is found between the full numerics and these expressions in the appropriate regime. This effective model then permits us to make immediate connection with the dynamical channel blockade models of Belzig and co-workers 27, 28 . Indeed, with ∆φ = π/4 as in Fig. 4 , the rates of tunneling into each of the CS and DS become equal and the model here becomes identical with that of Ref. 28 . This then explains the Fano factor value of F 2 = 3 in the limit ω L − → 0 for Γ Rel = 0 as arising from electron bunches with multiples of 3 electrons per bunch. This then also matches with the Fano factor from found by Groth et al. 17 for the triplequantum dot model. For ∆φ = π/4, the tunnel rates into the two states become unequal, and this then significantly changes the bunching properties of the current flow.
Our second effective model provides a simple explanation of the diverging Fano factors, as well as their signs. For Γ Rel ≈ 0, our transport system is essentially bistable 29 : in one of its steady states (the DS) the system does not conduct; in the other, it does and admits a mean current, I 0 , say. The probability distribution for the number of transferred charge will therefore be approximately P (n, t) = (1 − p)δ n,0 + pδ n,n0 where p is the probability that we find ourselves in the conducting channel and n 0 = I 0 t is the mean number of transferred charges in time t if we do. If t is large, we are justified in ignoring the small fluctuations in the charge numbers of zero and n 0 . The cumulant generating function for this model reads F (χ, t) = ln(1 − p + pe in0χ ), which means we have a Bernoulli distribution with "pay-off" n 0 . The mean current is I = t −1 ∂F /(∂(iχ))| 0 = p I 0 , which is the mean current of the conducting state multiplied the probability of obtaining that state. Then, the first two Fano factors read F 2 = I 0 t(1 − p) and F 3 = I 2 0 t 2 (1 − p)(1 − 2p). In the asymptotic limit, t → ∞, the Fano factors diverge as F k ∼ t k−1 . Moreover, whilst the sign of F 2 is manifestly positive (since 1 − p > 0), the skewness will be positive for p < 1/2 and negative for p > 1/2 due to the factor (1 − 2p). Indeed, this simple model suggests that negative skewness is associated with a bistable situation when the probability to find the conducting channel is large, and that the skewness will transfer to being positive as the weight of the blocking channel increases. This is the behaviour observed in the DS model here.
VI. WAITING-TIME DISTRIBUTION
The waiting time distribution, ω(τ ) gives the probability of waiting a time τ between consecutive "jumps" of an electron out of the system. Fig. 6 shows the waiting time distribution for the same parameters as Fig. 2a with the phase difference fixed at ∆φ = π/4. Whilst on a linear scale, the distribution w(τ ) looks similar to that which would be obtained from a single-level quantum dot 12 , on a log scale (Fig. 6 inset) , we see that the distribution possesses an extremely long tail, and the lower the relaxation rate, the longer the tail becomes. This tail is due to the presence of the DS which results in electron being trapped for long times before exiting the system. The separation of time scales can be extreme. For Γ Rel /Γ R = 0.01, for example, the main peak of the tunneling dynamics is over after τ ≈ 5Γ −1 whereas the bulk of the tail extends out to a time of τ ≈ 10 3 Γ −1 . We note that the waiting-time distribution shows no particular trace of the change in sign of the third Fano factor. Fig. 7 shows the waiting time distribution when the precesion frequency is finite. In the regime when Γ L > Γ R , the precession of the electrons oscillating between the CS and DS imprints oscillations on the waiting time distribution. As the precession frequency increases, the observed oscillation frequency increases, but the amplitude decreases. Under these conditions, the waiting time distribution still maintains the extended tail, indicating the continued influence of the DS.
VII. DISCUSSION
In summary we have calculated the first three current cumulants of a CNT-QD containing a dark state. These cumulants are characterised by giant super-Poissonian Fano factors brought about electron bunching induced by the dark state. The Fano factors show a strong dependence on the phase difference ∆φ, and for ∆φ → 0 with vanishing relaxation, the Fano factors diverge with F 2 > 0 and F 3 < 0. This behaviour can be explained by noting that, in this limit, the system is essentially bistable with a very long (in the limit, diverging) switching time between the states. The phase-dependence, including the periodic divergence of of the Fano factors, is very similar to that reported Urban and König 24 (see also Li et al. 25 ) for an Aharanov-Bohm interferometer with quantum dots in the arms. In that context, the decisive phase is the flux through the interferometer, and as the flux varies, quantum-dot states couple and decouple from the leads, similar to the behaviour of the dark state here.
The bunching and bistability caused by the dark state are also responsible for giving the waiting time distributions the characteristic form found here. These are composed of an initial peak, corresponding to the conducting channel, followed by a extensive tail corresponding to long times long that the system spends trapped in the dark state.
whereω = ω L e 2iφL + ω R e 2iφR . Anticipating the next section, we have include here the counting-field factor e iχ on all tunnel terms to the right lead. ments written into length-N vector |ρ(t) , master equation (2) can be written as
where W is the Liouville super-operator in matrix form. Transport is then described by the χ-resolved master equation
where W(χ) = W 0 + e iχ J is the Liouvillian decomposed into jump (J ) and non-jump (W 0 ) parts, and where χ is the counting field. We have lim χ→0 W(χ) = W = W 0 + J . The stationary state of the system is given by W|ρ stat = 0, which we assume to be unique. The left nullvector of W, denoted 1|, is normalised such that 1|ρ stat = 1. Multiplication with this vector corresponds to taking the trace of the density matrix. The expectation-value of a general Liouville-space operator A acting on state ρ is thus is given by A = 1|A|ρ stat . We also define P = |ρ stat 1| as the stationary-state projection matrix, and R the pseudo-inverse of W.
The generating function of the cumulants of transferred charge is given by F (χ, t) = λ 0 (χ)t, where λ 0 is that eigenvector of W(χ) which reverts to zero in the χ → 0 limit. The current cumulants are then given by
Practically, however, finding the eigenvalues of W(χ) is challenging for all but the simplest models, and an alternative approach is to expand the generating function to obtain explicit expressions for a finite set of cumulants. The expressions for the first three current cumulants read (e = 1): 12 . In the case of the carbon nanotube quantum dot we are only concerned with consecutive jumps of one type (transfer to the right lead) and the system is of the "single reset" type. In this case, the waiting time distribution is given by
Appendix C: Single-level model at ∆φ = 0
At ∆φ = 0 and with Γ rel = 0, transport through the system can be described by the χ-resolved Liouvillian
written in the basis of empty state |0 and coupled state |CS populations. The resulting cumulant generating function is 9, 10 F (χ) = Γt 2 − 1 + a 2 + 4 I Γ e iχ ,
in terms of the total rate Γ = 4Γ L + Γ R , asymmetry a = (4Γ L − Γ R )/Γ, and mean current
The second and third Fano factors of this model read
Interestingly, whereas the current expression Eq. (C3) is also valid for Γ Rel = 0, the higher cumulants differ significantly from the above.
